We study the thermodynamics of the apparent, event and particle horizons in this modified gravity. We observe that under this gravity, the time derivative of total entropy stays at positive level and hence the generalized second law is validated. 
by [5] S f (R) = d 4 x √ −gf (R) (1) where, f (R) is a function of the scalar curvature R. Detailed discussion on the mathematical background of f (R) gravity is given in the references [6] . In the standard f (R) gravity, the metric is given by [5] 
Here N is called the lapse variable and N i 's are the shift variables. Then the scalar curvature R has the form [5] 
and √ −g = g (3) N . Here R (3) is the three-dimensional scalar curvature defined by the metric g (3) and K ij is the extrinsic curvature defined by
n µ is a unit vector perpendicular to the three-dimensional hypersurface Σ t defined by t= constant and ∇
(3) i
expresses the covariant derivative on the hypersurface Σ t . Details of the mathematical background of f (R) gravity is available in the references [7] and [36] .
II. MODIFIED f (R) HORAVA-LIFSHITZ GRAVITY
An exhaustive review on Horava-Lifshitz (HL) cosmology is available in the reference [14] . There are a number of cosmological implications of HL gravity. These are discussed in the references [15] and [16] . The basic quantities in HL gravity are: lapse N (t), shift N i (t, − → x ) and 3D metric g ij (t, − → x ).
All these terms are thoroughly explained in the review entitled "Horava-Lifshitz cosmology: a review" published in Class. Quantum Grav., 27, 223101 (2010) by Mukhoyama [14] . There is another review work by Kiritsis and Kofinas [17] [Nuclear Physics, 821, 467 (2009)], where HL cosmology has been discussed. For the dynamical variables mentioned above, the one can get a four-dimensional metric as [14] , [17] Fig. 1 plotsṠ total for λ = 3, µ = 2 under MFRHL considering the universe as a thermodynamical system with the apparent horizon surface being its boundary. The lapse N as stated above, is a function of time only. However, the shift N i and 3D metric g ij depend both on time t and spatial coordinate − → x . The condition on lapse is called the projectability condition [14] .
Recently an extension of the f (R) gravity to a Horava-Lifshitz-type theory has been proposed by [7] introducing the action [5] 
of metric') [5]
defined on three-dimensional hyperspace Σ t , E ij can be defined by the so-called detailed balanced condition by using an action W [g 3 kl ] on the hypersurface Σ t :
kl ] δg ij (8) and the inverse of G ijkl is written as
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In the HL-like f (R) gravity proposed by [7] as stated above, the lapse N was assumed to be a function of t only, which is the projectability condition. Chaichian et al [5] proposed a new very general HL-like f (R) gravity, which is a general approach for the construction of modified gravity which is invariant under foliation-preserving diffeomorphism. For the new form generalized gravity dubbed as "modified f (R) Horava-Lifshitz gravity" (MFRHL), reference [5] proposed the following action
where,R
In flat FRW universe, the form ofR comes out to bẽ
TheR of the above equation reduces to R and consequently the gravity reduces to usual f (R) gravity for λ = µ = 1 in a spatially flat FRW universe. For the action in equation (10), we get by variation over g (3) ij and by setting N = 1:
In the above equation, f ′ denotes the derivative with respect to its argument. In the above equation, the matter contribution is included by means of pressure p. Considering ρ as the matter density the conservation equation can be written aṡ
and subsequently, equation (13) produces
where, Ca −3 is regarded as dark matter. In the present work we have considered C = 0. In this situation we have considered both λ = µ = 1 as well as λ = 1, µ = 1. It should be further noted that we have considered the scale factor a in the power law form i.e. a ∝ t n (n is a positive real number) as used earlier by the references like [18] , [19] , [20] and [21] .
Purpose of the present work is to investigate the validity of the generalized second law of thermodynamics (GSL) in the modified gravity theory proposed by [5] , i.e. in the MFRHL. For the field equation of the form (13) we shall investigate whether the total entropy of the universe i.e. sum of the time derivatives of the entropy on the horizon and inside the horizon stays at positive level. As the horizons for the enveloping surfaces we have considered the cases of event horizon, apparent horizon and particle horizons. Earlier [22] explored the thermodynamics of dark energy taking into account the existence of the observers event horizon in accelerated universes and showed that except for the initial stage of Chaplygin gas dominated expansion, the generalized second law of gravitational thermodynamics is fulfilled. Jamil et al [25] investigated the validity of the GSL of thermodynamics in a universe governed by Horava-Lifshitz gravity considering the universe as a thermodynamical system bounded by the apparent horizon. Bamba and Geng [11] investigated the GSL in f (R) gravity with realizing a crossing of the phantom divide in a universe enveloped by the apparent horizon. Debnath et al [26] investigated the GSL in various scenarios of the universe in the framework of fractional action cosmology for apparent, event and particle horizons. The issues associated with the GSL of thermodynamics are thoroughly discussed in the references mentioned above. However, for convenience we are giving a brief overview of the GSL of thermodynamics in the subsequent section.
The connection between gravitation and thermodynamics was examined by following black hole thermodynamics (black hole entropy [8] and temperature [9] ) and its application to the cosmological event horizon of de Sitter space [10] . Significant works are available on the study of the generalized second law of thermodynamics in cosmology. The studies include [30] , [31] , [35] , [32] , [33] and [34] . The basic necessity for the validity of GSL is that the time derivative of the total entropẏ S T otal =Ṡ H +Ṡ ≥ 0, whereṠ indicates the time derivative of normal entropy andṠ H indicates the horizon entropy [22] . Thermodynamics under generalized gravity theories has been discussed in [23] .
The first law of thermodynamics (Clausius relation) on the horizon is defined as T X dS X = δQ = −dE X . From the unified first law, we may obtain the first law of thermodynamics as [24] T X dS X = 4πR
where, T X and R X are the temperature and radius of the horizons under consideration in the equilibrium thermodynamics. The suffix X will be replaced by E, A and P for event, apparent and particle horizons respectively. Subsequently, the time derivative of the entropy on the horizon (Ṡ X ) and inside the horizon (Ṡ IX ) can be derived as [24] 
Finally, we can get the time derivative of total entropy as [27] 
Our target is to investigate whetherṠ X +Ṡ IX ≥ 0 holds. The radii of apparent, event and particle and event horizon are given by [26] R A = 1
In equation (18), we replace X by A, E and P respectively for investigating the GSL in MFRHL.
It should be noted that as we are considering MFRHL in flat FRW universe, we shall take k = 0, for which apparent horizon reduces to Hubble horizon. To study the GSL of thermodynamics in MFRHL, we first consider f (R) as [28] 
Here, ξ, η, ζ and ν are real constants. Using equations (13) and (15) we get the expressions for energy density and pressure. From (14) we get the solution for dark matter as ρ = ρ m0 a −3 (i.e. C = ρ m0 in (15)). Using the expression forR from equation (12) in equation (20) and subsequently using (13), (15) and (18) we get the time derivatives for total entropy for different horizons. For apparent horizon, the time derivative of total entropy becomeṡ
In figure 1 , we plotṠ total against cosmic time t for λ = 3 and µ = 2. For λ = µ = 1 we plotṠ total in figure 2 . This case, as earlier mentioned, corresponds to the usual f (R) gravity. In both of the cases we find theṠ total to be in positive level. This confirms the validity of GSL of thermodynamics for usual f (R) as well as modified f (R) Horava-Lifshitz gravity proposed by [5] , where R is replaced byR. To get theṠ total for event and particle horizons we adopt a little different procedure. For these two horizons we consider the derivativeṡ
Using (22) in (18) we get the plots forṠ total corresponding to event and particle horizons. behaves like quintessence. However, in figure 8 , (where λ = µ = 1) we plot the equation of state parameter is crossing the phantom divide −1. It has been already stated that for λ = µ = 1 the modified f (R) Horava-Lifshitz gravity reduces to usual f (R) gravity and reference [11] proved that under usual f (R) gravity the phantom divide is crossed. 
IV. CONCLUDING REMARKS
We have investigated the generalized second law of thermodynamics in modified f (R) HoravaLifshitz gravity proposed by [5] . In reference [36] modified Horava-Lifshitz f (R) gravity was considered for barotropic fluid and it was shown to have a quite rich cosmological structure:
early/late-time cosmic acceleration of quintessence, as well as of phantom types. It has been shown in reference [5] that for λ = µ = 1, the modified f (R) Horava-Lifshitz gravity reduces to usual f (R) gravity. We have examined the equation of state parameter w for λ = 3, µ = 2 i.e. for modified f (R) Horava-Lifshitz gravity. It is observed that w is staying above −1 that indicates quintessence [29] . Thus, one notable difference between f (R) and modified f (R) Horava-Lifshitz gravity is that the second one does not realize the phantom divide, when the scale factor is taken in power law form (a ∝ t n ). Rather its equation of state behaves like quintessence. The generalized second law of thermodynamics is satisfied not only in f (R) gravity, but also in modified f (R)
Horava-Lifshitz gravity. Moreover, the radii of the enveloping horizon does not affect the validity of the generalized second law. Irrespective of the radius of the enveloping horizon, the time derivative of total entropy is staying at positive level and is increasing with the evolution of the universe.
While concluding the paper we would like to state that although we have considered the power-law form of scale factor in this work, other forms like logamediate, intermediate, emergent etc. Scale factor are possible also via using reconstruction scheme [37] . We propose to investigate the thermodynamic laws in the modified f (R) Horava-Lifshitz gravity for such choices too in future works.
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